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• An increasing nonlocal parameter leads to smaller buckling and post-buckling loads.
• The positive/negative electric voltage decreases/increases buckling and post-buckling loads.
• A relatively large temperature rise results in slight drops in buckling and post-buckling loads.
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a b s t r a c t
This paper attempts to investigate the buckling and post-buckling behaviors of piezoelectric nanoplate
based on the nonlocal Mindlin plate model and von Karman geometric nonlinearity. An external electric
voltage and a uniform temperature rise are applied on the piezoelectric nanoplate. Both the uniaxial and
biaxial mechanical compression forces will be considered in the buckling and post-buckling analysis. By
substituting the energy functions into the equation of the minimum total potential energy principle,
the governing equations are derived directly, and then discretized through the differential quadrature
(DQ) method. The buckling and post-buckling responses of piezoelectric nanoplates are calculated by
employing a direct iterative method under different boundary conditions. The numerical results are
presented to show the influences of different factors including the nonlocal parameter, electric voltage,
and temperature rise on the buckling and post-buckling responses.
© 2016 The Author(s). Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
Beam or plate type piezoelectric nanostructures have been
extensively applied in many branches of nano-electro-mechanical
systems (NEMS, e.g. nanoresonator, nanogenerator, light-emitting
diodes, chemical sensors, etc.), thus researches on the piezoelectric
nanostructures have been active research fields with worldwide
attention [1–3]. In practical applications, it is common for the
beam or plate type components of nanodevices to suffer in-plane
compressive loadings, which may cause buckle failure of the
nanostructures, thus studies on the buckling and post-buckling
behaviors of the piezoelectric nanostructures are important in the
design of nanodevices.
Compared with their macroscale counterparts, piezoelectric
nanostructures are found of possessing superior thermal, elec-
trical, mechanical, and other physical/chemical properties [4,5].
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As generally believed, the size-dependent properties become
significant as the dimensions of the nanostructures vary from
several hundred nanometers to just a few nanometers. Both
experiments and atomic simulations [6,7] show valid evidences
of the fact that the long-range inter atomic and inter molecu-
lar cohesive forces gain significant and non-ignorable influences
on the mechanical properties when the length scale reduces. It is
well-known that the nonlocal theory raised by Eringen [8–10] is
considered as an effective theory to characterize the size effect
of nanostructures. Unlike the classical size-independent contin-
uum theory, the nonlocal theory introduces the internal length
scale into the constitutive equations to account the scale effect in
micro- and nano-scaled structures. The key point in the nonlocal
theory is that, at a reference point, the stress depends on not only
the strain component at the point, but also all the strain compo-
nents in the domain around. Such proposal is widely accepted to
study the size-dependent properties of nanostructures, including
the bending [11–14], buckling and post-buckling [15–18], linear
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and nonlinear vibrations [19–24], and wave propagation charac-
teristics [25,26] of carbon nanotubes, graphene sheets, nanowires,
etc.
Besides the analysis of elastic nanostructures mentioned
above, applications of the nonlocal theory already have been
extended to the size-dependent electro-mechanical analysis of
the piezoelectric nanostructures in recent years. Ke and his co-
authors have examined the free vibration behavior of nonlocal
piezoelectric nanoplates by deriving analytical solutions based on
the Kirchhoff plate theory [27] and numerical solutions based on
the Mindlin plate theory [28]. The nonlocal plate model is also
employed by Asemi and his co-authors to study the vibration
characteristics of piezoelectric nanoplate systems embedded
in Pasternak elastic medium [29] and of double piezoelectric
nanoplate systems with initial stress [30]. Arani and his co-
authors [31–34] presented comprehensive investigations on the
Boron Nitride nanotubes (BNNTs) by using nonlocal nanobeam
and nanoshell models, to study the buckling, linear and nonlinear
vibrations under electro-mechanical environments. Wang and
Wang [35] examined the bending behavior of a piezoelectric
nanowire. Their study included both the surface effect and size
effect by using the surface elasticity theory and nonlocal theory.
Zhang et al. [36] also considered both nonlocal effect and surface
effect in the analysis of the dispersion characteristics of the elastic
wave propagating in a monolayer piezoelectric nanoplate.
For the piezoelectric nanoplate subjected to in-plane load-
ings on its edges, the compression forces may result in nonlin-
ear deformation at high loading levels. To accurately predict the
post-buckling response in such cases, the geometrical nonlinear-
ity should be considered as an essential influencing factor on
the post-buckling performance. Some investigations have been al-
ready presented in the field of nonlinear analysis on the piezo-
electric nanostructures. Based on the von Karman type nonlinear
displacement–strain relationship, Ke and his co-authors inves-
tigated the nonlinear vibration [37] and post-buckling [38] be-
haviors of nonlocal Timoshenko piezoelectric nanobeams under
combined thermo-electro-mechanical loadings. The von Karman
nonlinear equations are also applied by Asemi et al. [39] to estab-
lish an analytical procedure to investigate nonlinear vibration and
post-buckling behaviors of piezoelectric nano-electro-mechanical
resonators based on the simply supported Kirchhoff piezoelectric
nanofilm (PNF)model. More recently, based on the nonlocal Kirch-
hoff plate theory, Liu et al. [40] presented the analytical study
on the nonlinear vibration of the simply supported piezoelectric
nanoplates rested on Winkler foundations.
This paper attempts to investigate the buckling and post-
buckling behaviors of the piezoelectric nanoplates subjected to
combined thermo-electro-mechanical loadings based on the non-
local theory, Mindlin plate theory and von Karman geometric non-
linearity. By using the principle ofminimum total potential energy,
the nonlinear governing equations and corresponding boundary
conditions can be derived. The equations are then discretized by
using the differential quadrature (DQ) method and solved by a di-
rect iterative method to determine the buckling and post-buckling
responses of piezoelectric nanoplateswith different boundary con-
ditions. Parametric studies are presented to show the influences of
the nonlocal parameter, electric voltage and temperature rise on
the size-dependent buckling and post-buckling responses.
The traditional local elasticity is size independent, thus it
fails to predict the mechanical properties of nanostructures. The
nonlocal theory raised by Eringen [8–10] overcomes the shortage
by introducing a simple physical concept that the component of
stress tensor at a certain point is a function not only of strain tensor
at the point but also of strain tensors in the domain. Recently,
Ke and his coauthors [27,28] presented some works applying the
nonlocal theory in the analysis of piezoelectric nanostructures.
According to Ke et al. [27,28], the nonlocal constitutive relations for
the piezoelectric solids may be expressed in differential forms as
σij − (e0a)2 ∇2σij = cijklεkl − ekijEk − λij1T , (1)
Di − (e0a)2 ∇2Di = eiklεkl − κkijEk + pi1T , (2)
where σij, εij, Di and Ei are the components of stress, strain, elec-
tric displacement and electric field, respectively; cijkl, ekij, κkij, λij,
and pi are the elastic constant, piezoelectric constant, dielectric
constant, thermalmodulus andpyroelectric constant, respectively;
1T is the temperature rise;∇2 is the Laplacian operator; and e0a is
the scale coefficient incorporating the size effect on the response of
structures in nanosize where a is an internal characteristic length
(e.g., lattice parameter, granular size). The parameter e0 is essen-
tial for the validity of nonlocalmodels, which can be determined by
matching the dispersion curves based on the atomic curves. Specif-
ically, for the piezoelectric nanoplates, the nonlocal relations can
be approximated as
σxx
σyy
σxz
σyz
σxy
− (e0a)
2 ∇2

σxx
σyy
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σyz
σxy
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c˜11 c˜12 0 0 0
c˜12 c˜11 0 0 0
0 0 c˜44 0 0
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εxx
εyy
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2εxy
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−
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0 0 0
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λ˜11
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0
0
0
1T , (3)Dx
Dy
Dz

− (e0a)2 ∇2
Dx
Dy
Dz

=
 0 0 e˜15 0 0
0 0 0 e˜15 0
e˜31 e˜31 0 0 0
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εxx
εyy
2εxz
2εyz
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
+

κ˜11 0 0
0 κ˜11 0
0 0 κ˜33
Ex
Ey
Ez

+
p˜1
p˜1
p˜3

1T , (4)
where c˜ij, e˜ij, κ˜ij, λ˜ij, and p˜i are respectively the reduced elas-
tic constants, piezoelectric constants, dielectric constants, thermal
moduli, and pyroelectric constants for the piezoelectric nanoplate
under the plane stress state [41,42]. These constants are given as
c˜11 = c11 − c
2
13
c33
, c˜12 = c12 − c
2
13
c33
, c˜44 = c44,
c˜66 = c66, e˜31 = e31 − c13e33c33 , e˜15 = e15,
(5a)
κ˜11 = κ11, κ˜33 = κ33 + e
2
33
c33
, λ˜11 = λ11 − c13λ33c33 ,
p˜1 = p1, p˜3 = p3 + e33λ33c33 .
(5b)
As shown in Fig. 1, a nonlocal continuum model is devel-
oped for the buckling and post-buckling analyses of the piezoelec-
tric nanoplate with length la, width lb and thickness h. Suppose
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the piezoelectric nanoplate is subjected to an external voltage
Φ˜(x, y, z), a uniform temperature rise1T and biaxial compression
forces Px and Py. According to the Mindlin plate theory, the dis-
placement of an arbitrary point along the x-, y- and z-axis, denoted
as u1(x, y, z), u2(x, y, z) and u3(x, y, z), can be expressed as
u1 (x, y, z) = U (x, y)+ zΨx (x, y) ,
u2 (x, y, z) = V (x, y)+ zΨy (x, y) ,
u3 (x, y, z) = W (x, y) ,
(6)
where U(x, y) and V (x, y) are the in-plane displacements along
x- and y-direction of the mid-plane; W (x, y) is the out-plane dis-
placement of the mid-plane; Ψx(x, y) and Ψy(x, y) are the rotation
angles of the nanoplate cross-sections in the xoz- and yoz-planes,
respectively. Through the von Karman nonlinearity, the strain–
displacement relations of the piezoelectric nanoplate can be given
by

εxx
εyy
2εxz
2εyz
2εxy
 =
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
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
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0
0
2ε(1)xy

=

∂U
∂x
+ 1
2

∂W
∂x
2
∂V
∂y
+ 1
2

∂W
∂y
2
∂W
∂x
+ Ψx
∂W
∂y
+ Ψy
∂U
∂y
+ ∂V
∂x
+ ∂W
∂x
∂W
∂y

+ z

∂Ψx
∂x
∂Ψy
∂y
0
0
∂Ψx
∂y
+ ∂Ψy
∂x

. (7)
To confirm the Maxwell equation, the distribution of external
electric potential for the present nanoplate model is assumed as a
combination of a cosine and linear variation [28,43]
Φˆ (x, y, z) = − cos (βz)Φ (x, y)+ 2zV0
h
, (8)
where β = π/h; Φ(x, y) is the spatial and time vibration of the
electric potential in the mid-plane of the nanoplate, and V0 is the
external electric voltage. Then the components of electric field can
be written as,
Ex = −∂Φ˜
∂x
= cos (βz) ∂Φ
∂x
, (9)
Ey = −∂Φ˜
∂y
= cos (βz) ∂Φ
∂y
, (10)
Ez = −∂Φ˜
∂z
= −β sin (βz)Φ − 2V0
h
. (11)
The strain energyΠs then can be expressed as
Πs = 12

A
 h/2
−h/2

σxxεxx + σyyεyy + 2σxyεxy
+ 2σxzεxz + 2σyzεyz

dzdA
− 1
2

A
 h/2
−h/2

DxEx + DyEy + DzEz

dzdA
= 1
2

A

Nxε(0)xx + Nyε(0)yy + 2Nxyε(0)xy +Mxε(1)xx
+Myε(1)yy + 2Mxyε(1)xy + 2Qxε(0)xz + 2Qyε(0)yz

dA
− 1
2

A
 h/2
−h/2

Dx cos (βz)
∂Φ
∂x
+ Dy cos (βz) ∂Φ
∂y
−Dz

β sin (βz)Φ + 2V0
h

dzdA, (12)
where A denotes the domain occupied by the mid-plane of the
nanoplate; the normal resultant forces Nx and Ny, twisting shear
force Nxy, shearing forces Qx and Qy, bending momentsMx andMy,
and twisting momentMxy are separately calculated from
Nx,Ny,Nxy
 =  h/2
−h/2

σxx, σyy, σxy

dz,

Qx,Qy
 =  h/2
−h/2

σxz, σyz

dz,
(13a)

Mx,My,Mxy
 =  h/2
−h/2

σxx, σyy, σxy

z dz. (13b)
The work done by the uniform distributed external biaxial
compression forces Px and Py, denoted byΠP , can be expressed as
Πp = 12

A
Px

∂W
∂x
2
+ Py

∂W
∂y
2
dA. (14)
To derive the governing equations, we substitute the energy
equations (12) and (14) into the principle of minimum total
potential energy,
δ

Πs −Πp
 = 0, (15)
where δ denotes a variational operator. Then the governing
equations of motion can be derived by setting the coefficients of
δU , δV , δW , δΨx, δΨy and δΦ to zero
δU : ∂Nx
∂x
+ ∂Nxy
∂y
= 0, (16)
δV : ∂Nxy
∂x
+ ∂Ny
∂y
= 0, (17)
δW : ∂
∂x

Nx
∂W
∂x
+ Nxy ∂W
∂y

+ ∂
∂y

Nxy
∂W
∂x
+ Ny ∂W
∂y

+ ∂Qx
∂x
+ ∂Qy
∂y
− Px ∂
2W
∂x2
− Py ∂
2W
∂y2
= 0, (18)
δΨx : ∂Mx
∂x
+ ∂Mxy
∂y
− Qx = 0, (19)
δΨy : ∂Mxy
∂x
+ ∂My
∂y
− Qy = 0, (20)
δΦ :
 h/2
−h/2

∂Dx
∂x
cos (βz)+ ∂Dy
∂y
cos (βz)
+Dzβ sin (βz)

dz = 0, (21)
and the corresponding boundary conditions are also obtained as
U = 0 or Nxnx + Nxyny = 0, (22)
V = 0 or Nxynx + Nyny = 0, (23)
W = 0 or

Nx
∂W
∂x
+ Nxy ∂W
∂y
+ Qx

nx
+

Nxy
∂W
∂x
+ Ny ∂W
∂y
+ Qy

ny = 0,
(24)
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Fig. 1. Schematic configuration of a piezoelectric nanoplate.
Ψx = 0 or Mxnx +Mxyny = 0, (25)
Ψy = 0 or Mxynx +Myny = 0, (26)
Φ = 0 or
 h/2
−h/2

cos (βz)Dxnx + cos (βz)Dyny

dz = 0, (27)
where (nx, ny) denotes the direction cosines of the outward unit
normal to the boundary of the mid-plane.
From the constitutive equations (3)–(4), we have
Nx − (e0a)2 ∇2Nx
= A11

∂U
∂x
+ 1
2

∂W
∂x
2
+ A12

∂V
∂y
+ 1
2

∂W
∂y
2
+ 2e˜31V0 − λ˜11h1T , (28)
Ny − (e0a)2 ∇2Ny
= A12

∂U
∂x
+ 1
2

∂W
∂x
2
+ A11

∂V
∂y
+ 1
2

∂W
∂y
2
+ 2e˜31V0 − λ˜11h1T , (29)
Nxy − (e0a)2 ∇2Nxy = A66

∂U
∂y
+ ∂V
∂x
+ ∂W
∂x
∂W
∂y

, (30)
Mx − (e0a)2 ∇2Mx = D11 ∂Ψx
∂x
+ D12 ∂Ψy
∂y
+ E31Φ, (31)
My − (e0a)2 ∇2My = D12 ∂Ψx
∂x
+ D11 ∂Ψy
∂y
+ E31Φ, (32)
Mxy − (e0a)2 ∇2Mxy = D66

∂Ψx
∂y
+ ∂Ψy
∂x

, (33)
Qx − (e0a)2 ∇2Qx = ksA44

∂W
∂x
+ Ψx

− ksE15 ∂Φ
∂x
, (34)
Qy − (e0a)2 ∇2Qy = ksA44

∂W
∂y
+ Ψy

− ksE15 ∂Φ
∂y
, (35) h/2
−h/2
cosβz

Dx − (e0a)2 ∇2Dx

dz
= E15

Ψx + ∂W
∂x

+ X11 ∂Φ
∂x
, (36) h/2
−h/2
cosβz

Dy − (e0a)2 ∇2Dy

dz
= E15

Ψy + ∂W
∂y

+ X11 ∂Φ
∂y
, (37) h/2
−h/2
β sinβz

Dz − (e0a)2 ∇2Dz

dz
= E31 ∂Ψx
∂x
+ E31 ∂Ψy
∂y
− X33Φ, (38)
where ks = 5/6 is the shear correction factor of the rectangular
nanoplate, and the coefficients can be expressed respectively,
{A11, A12, A44, A66} =
 h/2
−h/2

c˜11, c˜12, c˜44, c˜66

dz,
{D11,D12,D66} =
 h/2
−h/2

c˜11, c˜12, c˜66

z2dz,
(39a)
E31 =
 h/2
−h/2
e˜31βz sin (βz) dz,
E15 =
 h/2
−h/2
e˜15 cos (βz) dz,
(39b)
X11 =
 h/2
−h/2
κ˜11 cos2 (βz) dz,
X33 =
 h/2
−h/2
κ˜33β
2 sin2 (βz) dz.
(39c)
By substituting Eqs. (28)–(38) into Eqs. (16)–(21), the governing
equations can be rewritten in forms as
A11

∂2U
∂x2
+ ∂W
∂x
∂2W
∂x2

+ A12

∂2V
∂x∂y
+ ∂W
∂y
∂2W
∂x∂y

+ A66

∂2U
∂y2
+ ∂
2V
∂x∂y
+ ∂
2W
∂x∂y
∂W
∂y
+ ∂W
∂x
∂2W
∂y2

= 0, (40)
A11

∂2V
∂y2
+ ∂W
∂y
∂2W
∂y2

+ A12

∂2U
∂x∂y
+ ∂W
∂x
∂2W
∂x∂y

+ A66

∂2U
∂x∂y
+ ∂
2V
∂x2
+ ∂
2W
∂x2
∂W
∂y
+ ∂W
∂x
∂2W
∂x∂y

= 0, (41)
ksA44

∂2W
∂x2
+ ∂
2W
∂y2
+ ∂Ψx
∂x
+ ∂Ψy
∂y

− ksE15

∂2Φ
∂x2
+ ∂
2Φ
∂y2

+ Lnol

(NTx + NEx − Px)
× ∂
2W
∂x2
+ NTy + NEy − Py ∂2W
∂y2

+ (Z1 + Z2) = 0, (42)
D11
∂2Ψx
∂x2
+ D12 ∂
2Ψy
∂x∂y
+ D66

∂2Ψy
∂x∂y
+ ∂
2Ψx
∂y2

+ E31 ∂Φ
∂x
− ksA44

∂W
∂x
+ Ψx

+ ksE15 ∂Φ
∂x
= 0 (43)
D12
∂2Ψx
∂x∂y
+ D11 ∂
2Ψy
∂y2
+ D66

∂2Ψy
∂x2
+ ∂
2Ψx
∂x∂y

+ E31 ∂Φ
∂y
− ksA44

∂W
∂y
+ Ψy

+ ksE15 ∂Φ
∂y
= 0, (44)
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E15

∂2W
∂x2
+ ∂
2W
∂y2
+ ∂Ψx
∂x
+ ∂Ψy
∂y

+ X11

∂2Φ
∂x2
+ ∂
2Φ
∂y2

+ E31

∂Ψx
∂x
+ ∂Ψy
∂y

− X33Φ = 0 (45)
where Lnol =

1− (e0a)2 ∇2

and
NEx = NEy = 2e31V0, NTx = NTy = −λ1h1T , (46)
Z1 =

A11

∂U
∂x
+ 1
2

∂W
∂x
2
+ A12

∂V
∂y
+ 1
2

∂W
∂y
2
Lnol

∂2W
∂x2

+

A11

∂2U
∂x2
+ ∂W
∂x
∂2W
∂x2

+ A12

∂2V
∂x∂y
+ ∂W
∂y
∂2W
∂x∂y

Lnol

∂W
∂x

+

A12

∂U
∂x
+ 1
2

∂W
∂x
2
+ A11

∂V
∂y
+ 1
2

∂W
∂y
2
Lnol

∂2W
∂y2

+

A12

∂2U
∂x∂y
+ ∂W
∂x
∂2W
∂x∂y

+ A11

∂2V
∂y2
+ ∂W
∂y
∂2W
∂y2

Lnol

∂W
∂y

, (47a)
Z2 = 2A66

∂U
∂y
+ ∂V
∂x
+ ∂W
∂x
∂W
∂y

Lnol

∂2W
∂x∂y

+ A66

∂2U
∂x∂y
+ ∂
2V
∂x2
+ ∂
2W
∂x2
∂W
∂y
+ ∂W
∂x
∂2W
∂x∂y

× Lnol

∂W
∂y

+ A66

∂2U
∂y2
+ ∂
2V
∂x∂y
+ ∂
2W
∂x∂y
∂W
∂y
+ ∂W
∂x
∂2W
∂y2

× Lnol

∂W
∂x

. (47b)
By introducing the following dimensionless quantities
{ζ , ξ} =

x
la
,
y
lb

, {u, v, w} =

U
h
,
V
h
,
W
h

,

ψx, ψy
 = Ψx,Ψy , φ = Φ
φ0
, µ = e0a
la
,
(48a)
η = la
h
, λ = la
lb
, A110 = c˜11h, φ0 =

A110
X33
,
γ = Py
Px
,

E¯15, E¯31
 = E15φ0
A11h
,
E31φ0
A11h

,
(48b)

X¯11, X¯33
 = X11φ20
A11h2
,
X33φ20
A11

,

P¯x, N¯Tx, N¯Ty, N¯Ex, N¯Ey
 =  Px
A110
,
NTx
A110
,
NTy
A110
,
NEx
A110
,
NEy
A110

,
(48c)

A¯11, A¯12, A¯44, A¯66
 =  A11
A110
,
A12
A110
,
A44
A110
,
A66
A110

,

D¯11, D¯12, D¯66
 =  D11
A110h2
,
D12
A110h2
,
D66
A110h2

.
(48d)
Eqs. (40)–(45) can be transformed into the dimensionless equa-
tions as
A¯11
∂2u
∂ζ 2
+ A¯11 1
η
∂w
∂ζ
∂2w
∂ζ 2
+ A¯12λ ∂
2v
∂ζ∂ξ
+ A¯12 λ
2
η
∂w
∂ξ
∂2w
∂ζ∂ξ
+ A¯66λ2 ∂
2u
∂ξ 2
+ A¯66λ ∂
2v
∂ζ∂ξ
+ A¯66 λ
2
η
∂2w
∂ζ∂ξ
∂w
∂ξ
+ A¯66 λ
2
η
∂w
∂ζ
∂2w
∂ξ 2
= 0, (49)
A¯11λ2
∂2v
∂ξ 2
+ A¯11 λ
3
η
∂w
∂ξ
∂2w
∂ξ 2
+ A¯12λ ∂
2u
∂ζ∂ξ
+ A¯12 λ
η
∂w
∂ζ
∂2w
∂ζ∂ξ
+ A¯66 ∂
2v
∂ζ 2
+ A¯66λ ∂
2u
∂ζ∂ξ
+ A¯66 λ
η
∂2w
∂ζ 2
∂w
∂ξ
+ A¯66 λ
η
∂w
∂ζ
∂2w
∂ζ∂ξ
= 0, (50)
ksA¯44
∂2w
∂ζ 2
+ ksA¯44η∂ψx
∂ζ
+ ksA¯44λ2 ∂
2w
∂ξ 2
+ ksA¯44λη∂ψy
∂ξ
− ksE¯15 ∂
2φ
∂ζ 2
− ksE¯15λ2 ∂
2φ
∂ξ 2
+ L¯nol

N¯Tx + N¯Ex − P¯x
 ∂2w
∂ζ 2
+ λ2 N¯Ty + N¯Ey − γ P¯x ∂2w
∂ξ 2

+ Z¯1 + Z¯2 = 0, (51)
D¯11
∂2ψx
∂ζ 2
+ D¯12λ ∂
2ψy
∂ζ∂ξ
+ D¯66

λ
∂2ψy
∂ζ∂ξ
+ λ2 ∂
2ψx
∂ξ 2

+ η E¯31 + ksE¯15 ∂φ
∂ζ
− ksA¯44

η
∂w
∂ζ
+ η2ψx

= 0, (52)
D¯12λ
∂2ψx
∂ζ∂ξ
+ D¯11λ2 ∂
2ψy
∂ξ 2
+ D¯66

∂2ψy
∂ζ 2
+ λ ∂
2ψx
∂ζ∂ξ

+ ηλ E¯31 + ksE¯15 ∂φ
∂ξ
− ksA¯44

ηλ
∂w
∂ξ
+ η2ψy

= 0, (53)
E¯15

∂2w
∂ζ 2
+ λ2 ∂
2w
∂ξ 2

+ η E¯15 + E¯31 ∂ψx
∂ζ
+ λ∂ψy
∂ξ

+ X¯11

∂2φ
∂ζ 2
+ λ2 ∂
2φ
∂ξ 2

− η2X¯33φ = 0 (54)
where
L¯nol =

1− µ2

∂2
∂ζ 2
+ ∂
2
∂ξ 2

, (55)
Z¯1 =

A¯11
1
η
∂u
∂ζ
+ A¯11 12η2

∂w
∂ζ
2
+ A¯12 λ
η
∂v
∂ξ
+ A¯12 λ
2
2η2

∂w
∂ξ
2
L¯nol

∂2w
∂ζ 2

+

A¯11
1
η
∂2u
∂ζ 2
+ A¯11 1
η2
∂w
∂ζ
∂2w
∂ζ 2
+ A¯12 λ
η
∂2v
∂ζ∂ξ
+ A¯12 λ
2
η2
∂w
∂ξ
∂2w
∂ζ∂ξ

L¯nol

∂w
∂ζ

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
A¯12
1
η
∂u
∂ζ
+ A¯12 12η2

∂w
∂ζ
2
+ A¯11 λ
η
∂v
∂ξ
+ A¯11 λ
2
2η2

∂w
∂ξ
2
L¯nol

λ2
∂2w
∂ξ 2

+

A¯12
λ
η
∂2u
∂ζ∂ξ
+ A¯12 λ
η2
∂w
∂ζ
∂2w
∂ζ∂ξ
+ A¯11 λ
2
η
∂2v
∂ξ 2
+ A¯11 λ
3
η2
∂w
∂ξ
∂2w
∂ξ 2

L¯nol

λ
∂w
∂ξ

, (56a)
Z¯2 =

A¯66
2λ
η
∂u
∂ξ
+ A¯66 2
η
∂v
∂ζ
+ A¯66 2
η2
∂w
∂ζ
∂w
∂ξ

× L¯nol

λ
∂2w
∂ζ∂ξ

+

A¯66
λ
η
∂2u
∂ζ∂ξ
+ A¯66 1
η
∂2v
∂ζ 2
+ A¯66 λ
η2
∂2w
∂ζ 2
∂w
∂ξ
+ A¯66 λ
η2
∂w
∂ζ
∂2w
∂ζ∂ξ

L¯nol

λ
∂w
∂ξ

+

A¯66
λ2
η
∂2u
∂ξ 2
+ A¯66 λ
η
∂2v
∂ζ∂ξ
+ A¯66 λ
2
η2
∂w
∂ξ
∂2w
∂ζ∂ξ
+ A¯66 λ
2
η2
∂w
∂ζ
∂2w
∂ξ 2

L¯nol

∂w
∂ζ

. (56b)
Assume the electric potential is zero at all edges of the piezo-
electric nanoplate, and the boundary conditions are considered in
following cases:
Case 1: The piezoelectric nanoplate is simply supported at all
four edges with no limitations on the in-plane displacement along
the normal direction of each edge, referred as SSSS.
Case 2: Two adjacent edges of the piezoelectric nanoplate are
simply supported and the other two are clamped, with all edges
freely moveable on their normal directions, referred as CCSS.
Case 3: The four edges piezoelectric nanoplate are all clamped
with no limitations on the in-plane displacement along the normal
direction of each edge, referred as SSSS.
The cases of boundary conditions mentioned above can be
separately expressed in the non-dimensional form as:
v = w = ψy = φ = 0, D¯11 ∂ψx
∂ζ
+ λD¯12 ∂ψy
∂ξ
+ ηE¯31φ = 0,
A¯11

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯12

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ζ = 0, 1, (57a)
u = w = ψx = φ = 0, D¯12 ∂ψx
∂ζ
+ λD¯11 ∂ψy
∂ξ
+ ηE¯31φ = 0,
A¯12

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯11

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ξ = 0, 1, (57b)
for case SSSS;
v = w = ψy = φ = 0, D¯11 ∂ψx
∂ζ
+ λD¯12 ∂ψy
∂ξ
+ ηE¯31φ = 0,
A¯11

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯12

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ζ = 0, (58a)
v = w = ψx = ψy = φ = 0,
A¯11

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯12

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ζ = 1,
(58b)
u = w = ψx = φ = 0,
D¯12
∂ψx
∂ζ
+ λD¯11 ∂ψy
∂ξ
+ ηE¯31φ = 0,
A¯12

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯11

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ξ = 1, (58c)
u = w = ψx = ψy = φ = 0,
A¯12

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯11

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ξ = 1,
(58d)
for case CCSS; and
v = w = ψx = ψy = φ = 0,
A¯11

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯12

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ζ = 0, 1,
(59a)
u = w = ψx = ψy = φ = 0,
A¯12

∂u
∂ζ
+ 1
2η

∂w
∂ζ
2
+ A¯11

λ
∂v
∂ξ
+ λ
2
2η

∂w
∂ξ
2
= 0,
at ξ = 0, 1,
(59b)
for case CCCC.
To obtain the postbuckling behaviors, the differential quadra-
ture (DQ) method and iterative technique are employed to solve
the nonlinear governing equations. According to DQ method, the
piezoelectric nanoplate can be discretized in the domain byN1 grid
points along the ζ -axis and N2 grid points along the ξ -axis, and
the values of u, v, w, ψx, ψy, and φ and their k1th and k2th partial
derivatives with respect to ζ and ξ , respectively, can be approxi-
mated by

u, v, w,ψx, ψy, φ
 = N1
m=1
N2
n=1
lm (ζ ) ln (ξ) ,
{umn (ζm, ξn, ι) , vmn (ζm, ξn, ι) , wmn (ζm, ξn, ι) ,
ψx,mn (ζm, ξn, ι) , ψy,mn (ζm, ξn, ι) , φmn (ζm, ξn, ι)

,
(60)
∂k1
∂ζ k1
∂k2
∂ξ k2

u, v, w,ψx, ψy, φ

ζ=ζi, ξ=ξj
=
N1
m=1
N2
n=1
C (k1)im C
(k2)
jn ,
{umn (ζm, ξn, ι) , vmn (ζm, ξn, ι) , wmn (ζm, ξn, ι) ,
ψx,mn (ζm, ξn, ι) , ψy,mn (ζm, ξn, ι) , φmn (ζm, ξn, ι)

,
(61)
where lm (ζ ) and ln (ξ) are the Lagrange interpolation polynomials;
and C (k1)im and C
(k2)
jn are the weighting coefficients whose recursive
formula can be found in Shu [44]. The DQpoint system is generated
following the cosine patterns:
ζi = 12

1− cos

i− 1
N1 − 1π

, i = 1, 2, . . . ,N1,
ξj = 12

1− cos

j− 1
N2 − 1π

, j = 1, 2, . . . ,N2.
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Fig. 2. Effect of the nonlocal parameter µ on the dimensionless critical buckling load P∗cr of the piezoelectric nanoplate.
Applying the relationship (60) and (61) into the governing
equations (49)–(54) yields the following ordinary differential
equations
A¯11
N1
m=1
C (2)im umj + λA¯12
N1
m=1
N2
n=1
C (1)im C
(1)
jn vmn
+ λ2A¯66
N2
n=1
C (2)jn uin + λA¯66
N1
m=1
N2
n=1
C (1)im C
(1)
jn vmn
+ 1
η
A¯11
N1
m=1
C (1)im wmj
N1
m=1
C (2)im wmj +
λ2
η
A¯12
N2
n=1
C (1)jn win
×
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn +
λ2
η
A¯66
N1
m=1
C (1)im wmj
×
N2
n=1
C (2)jn win +
λ2
η
A¯66
N2
n=1
C (1)jn win
×
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn = 0, (62)
λ2A¯11
N2
n=1
C (2)jn vmn + λA¯12
N1
m=1
N2
n=1
C (1)im C
(1)
jn umn
+ λA¯66
N1
m=1
N2
n=1
C (1)im C
(1)
jn umn + A¯66
N1
m=1
C (2)im vmj
+ λ
3
η
A¯11
N2
n=1
C (1)jn wmn
N2
n=1
C (2)jn wmn
+ λ
η
A¯12
N1
m=1
C (1)im wmj
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn
+ λ
η
A¯66
N1
m=1
C (2)im wmj
N2
n=1
C (1)jn win
+ λ
η
A¯66
N1
m=1
C (1)im wmj
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn = 0, (63)
ksA¯44
N1
m=1
C (2)im wmj + λ2ksA¯44
N2
n=1
C (2)jn win
+ ηksA¯44
N1
m=1
C (1)im ψx,mj + ληksA¯44
N2
n=1
C (1)jn ψy,in
− ksE¯15

N1
m=1
C (2)im φmj − λ2
N2
n=1
C (2)jn φin

+ Z¯1 + Z¯2− µ2 N1
m=1
C (2)im Z¯1 − λ2µ2
N2
n=1
C (2)jn Z¯1
+ N¯Tx + N¯Ex − P¯x N1
m=1
C (2)im wmj
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Fig. 3. Effect of the nonlocal parameter µ on the dimensionless post-buckling response of the piezoelectric nanoplate.
+ λ2 N¯Ty + N¯Ey − γ P¯xy N2
n=1
C (2)jn win
−µ2 N¯Tx + N¯Ex − P¯x
×

N1
m=1
C (4)im wmj + λ2
N1
m=1
N2
n=1
C (2)im C
(2)
jn wmn

−µ2λ2 N¯Ty + N¯Ey − γ P¯x
×

N1
m=1
N2
n=1
C (2)im C
(2)
jn wmn + λ2
N2
n=1
C (4)jn win

= 0, (64)
D¯11
N1
m=1
C (2)im ψx,mj + λ2D¯66
N2
n=1
C (2)jn ψx,in
+ λ D¯12 + D¯66 N1
m=1
N2
n=1
C (1)im C
(1)
jn ψy,mn
+ η E¯31 + ksE¯15 N1
m=1
C (1)im φmj
− ksA¯44

η
N1
m=1
C (1)im wmj + η2ψx,ij

= 0, (65)
D¯11λ2
N2
n=1
C (2)jn ψy,in + D¯66
N1
m=1
C (2)im ψy,mj
+ λ D¯12 + D¯66 N1
m=1
N2
n=1
C (1)im C
(1)
jn ψx,mn
+ ηλ E¯31 + ksE¯15 N2
n=1
C (1)jn φin
− ksA¯44

ηλ
N2
n=1
C (1)jn win + η2ψy,ij

= 0, (66)
E¯15

N1
m=1
C (2)im wmj + λ2
N2
n=1
C (2)jn win

+ η E¯15 + E¯31  N1
m=1
C (1)im ψx,mj + λ
N2
n=1
C (1)jn ψy,in

+ X¯11

N1
m=1
C (2)im φmj + λ2
N2
n=1
C (2)jn φin

− η2X¯33φij = 0, (67)
where Z¯1 and Z¯2 in Eq. (64) are calculated by
Z¯1 = 1
η
A¯11
N1
m=1
C (1)im umj
N1
m=1
C (2)im wmj
+ 1
η
A¯11
N1
m=1
C (2)im umj
N1
m=1
C (1)im wmj
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+ λ
2
η
A¯12
N1
m=1
C (1)im umj
N2
n=1
C (2)jn win
+ λ
2
η
A¯12
N1
m=1
N2
n=1
C (1)im C
(1)
jn umn
N2
n=1
C (1)jn win
+ λ
η
A¯12
N1
m=1
N2
n=1
C (1)im C
(1)
jn vmn
N1
m=1
C (1)im wmj
+ λ
3
η
A¯11
N2
n=1
C (1)jn vin
N2
n=1
C (2)jn win
+ λ
3
η
A¯11
N2
n=1
C (2)jn vin
N2
n=1
C (1)jn win
+ λ
η
A¯12
N2
n=1
C (1)jn vin
N1
m=1
C (2)im wmj
+ 3
2η2
A¯11
N1
m=1
C (1)im wmj
N1
m=1
C (1)im wmj
N1
m=1
C (2)im wmj
+ 3λ
4
2η2
A¯11
N2
n=1
C (1)jn win
N2
n=1
C (1)jn win
N2
n=1
C (2)jn win
+ λ
2
2η2
A¯12
N1
m=1
C (1)im wmj
N1
m=1
C (1)im wmj
N2
n=1
C (2)jn win
+ λ
2
2η2
A¯12
N2
n=1
C (1)jn win
N2
n=1
C (1)jn win
N1
m=1
C (2)im wmj
+ 2λ
2
η2
A¯12
N1
m=1
C (1)im wmj
×
N2
n=1
C (1)jn win
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn, (68a)
Z¯2 = λ
2
η
A¯66
N2
n=1
C (2)jn uin
N1
m=1
C (1)im wmj
+ λ
2
η
A¯66
N1
m=1
N2
n=1
C (1)im C
(1)
jn umn
N2
n=1
C (1)jn win
+ 2λ
2
η
A¯66
N2
n=1
C (1)jn uin
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn
+ 2λ
η
A¯66
N1
m=1
C (1)im vmj
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn
+ λ
η
A¯66
N1
m=1
C (2)im vmj
N2
n=1
C (1)jn win
+ λ
η
A¯66
N1
m=1
N2
n=1
C (1)im C
(1)
jn vmn
N1
m=1
C (1)im wmj
+ λ
2
η2
A¯66
N1
m=1
C (1)im wmj
N1
m=1
C (1)im wmj
N2
n=1
C (2)jn win
+ λ
2
η2
A¯66
N2
n=1
C (1)jn win
N2
n=1
C (1)jn win
N1
m=1
C (2)im wmj
+ 4λ
2
η2
A¯66
N1
m=1
C (1)im wmj
×
N2
n=1
C (1)jn win
N1
m=1
N2
n=1
C (1)im C
(1)
jn wmn. (68b)
Correspondingly, the boundary conditions can be rewritten as
v1j = w1j = ψy,1j = φ1j = 0,
N1
m=1
C (1)1mψx,mj = 0,
N1
m=1
C (1)1mumj +
1
2η

N1
m=1
C (1)1mwmj
2
= 0, at ζ = 0,
(69a)
vN1j = wN1j = ψy,N1j = φN1j = 0,
N1
m=1
C (1)N1mψx,mj = 0,
N1
m=1
C (1)N1mumj +
1
2η

N1
m=1
C (1)N1mwmj
2
= 0, at ζ = 1,
(69b)
ui1 = wi1 = ψx,i1 = φi1 = 0,
N2
n=1
C (1)1n ψy,in = 0,
λ
N2
n=1
C (1)1n vin +
λ2
2η

N2
n=1
C (1)1n win
2
= 0, at ξ = 0,
(69c)
uiN2 = wiN2 = ψx,iN2 = φiN2 = 0,
N2
n=1
C (1)N2nψy,in = 0,
λ
N2
n=1
C (1)N2nvin +
λ2
2η

N2
n=1
C (1)N2nwin
2
= 0, at ξ = 1,
(69d)
for an SSSS piezoelectric nanoplate;
v1j = w1j = ψy,1j = φ1j = 0,
N1
m=1
C (1)1mψx,mj = 0,
N1
m=1
C (1)1mumj +
1
2η

N1
m=1
C (1)1mwmj
2
= 0, at ζ = 0,
(70a)
vN1j = wN1j = ψx,N1j = ψy,N1j = φN1j = 0,
N1
m=1
C (1)N1mumj +
1
2η

N1
m=1
C (1)N1mwmj
2
= 0, at ζ = 1, (70b)
ui1 = wi1 = ψx,i1 = φi1 = 0,
N2
n=1
C (1)1n ψy,in = 0,
λ
N2
n=1
C (1)1n vin +
λ2
2η

N2
n=1
C (1)1n win
2
= 0, at ξ = 0,
(70c)
uiN2 = wiN2 = ψx,iN2 = ψy,iN2 = φiN2 = 0,
λ
N2
n=1
C (1)N2nvin +
λ2
2η

N2
n=1
C (1)N2nwin
2
= 0, at ξ = 1, (70d)
for a CCSS piezoelectric nanoplate; and
v1j = w1j = ψx,1j = ψy,1j = φ1j = 0,
N1
m=1
C (1)1mumj +
1
2η

N1
m=1
C (1)1mwmj
2
= 0, at ζ = 0, (71a)
vN1j = wN1j = ψx,N1j = ψy,N1j = φN1j = 0,
N1
m=1
C (1)N1mumj +
1
2η

N1
m=1
C (1)N1mwmj
2
= 0, at ζ = 1, (71b)
ui1 = wi1 = ψx,i1 = ψy,i1 = φi1 = 0,
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Fig. 4. Effect of the external electric voltage V0 (V) on the dimensionless post-buckling response of the piezoelectric nanoplate.
λ
N2
n=1
C (1)1n vin +
λ2
2η

N2
n=1
C (1)1n win
2
= 0, at ξ = 0, (71c)
uiN2 = wiN2 = ψx,iN2 = ψy,iN2 = φiN2 = 0,
λ
N2
n=1
C (1)N2nvin +
λ2
2η

N2
n=1
C (1)N2nwin
2
= 0, at ξ = 1, (71d)
for a CCCC piezoelectric nanoplate.
The unknown quantities can be denoted in the vector form as
d =

uij
T
,

vij
T
,

wij
T
,

ψx,ij
T
,

ψy,ij
T
,

φij
T
,
i = 1, 2, . . . ,N1, j = 1, 2, . . . ,N2, (72)
where
uij
 = u11, u12, . . . , u1N2 , u21, u22, . . . , u2N2 , . . . ,
uN11, uN12, . . . , uN1N2

,
vij
 = v11, v12, . . . , v1N2 , v21, v22, v2N2 , . . . ,
vN11, vN12, . . . , vN1N2

,
wij
 = w11, w12, . . . , w1N2 , w21, w22, . . . ,
w2N2 , . . . , wN11, wN12, . . . , wN1N2

,
ψx,ij
 = ψx,11, ψx,12, . . . , ψx,1N2 , ψx,21, ψx,22, . . . ,
ψx,2N2 , . . . , ψx,N11, ψx,N12, . . . , ψx,N1N2

,

ψy,ij
 = ψy,11, ψy,12, . . . , ψy,1N2 , ψy,21, ψy,22, . . . ,
ψy,2N2 , . . . , ψy,N11, ψy,N12, . . . , ψy,N1N2

,
φij
 = φ11, φ12, . . . , φ1N2 , φ21, φ22, . . . , φ2N2 , . . . ,
φN11, φN12, . . . , φN1N2

.
Then the governing equations (62)–(67), together with the
boundary conditions, can be written in the matrix form as
KL + KNL − P∗KG

d = 0, (73)
where KL and KNL are separately the linear and nonlinear stiffness
matrices, and KG is the geometric stiffness matrix; P∗ represents
the post bucking load. KL, KNL and KG are all 6N1N2 × 6N1N2
matrices. Here, Eq. (73) can directly reduce to a linear static
buckling eigenvalue problem of the piezoelectric nanoplate if the
nonlinear stiffness matrix is neglected, which is given by
KL − P∗crKG

d = 0, (74)
where the dimensionless critical buckling load P∗cr and the
corresponding mode shape can be obtained.
The post-buckling response of the piezoelectric nanoplate can
be calculated by solving Eq. (73) through a direct iterative progress.
Firstly, the iterative scheme begins by solving an eigenvalue prob-
lem of Eq. (74) without considering the geometric nonlinearity to
obtain the eigenvalue and corresponding eigenvector as the initial
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Fig. 5. Effect of the temperature change1T (K) on the dimensionless post-buckling response of the piezoelectric nanoplate.
guesses for the buckling load andmode shape. Then, the eigenvec-
tor is approximately scaled up to a given value of transverse vibra-
tion amplitudew∗max to calculate the nonlinearmatrixKNL for a new
eigenvalue system. Afterwards, a new eigenvalue and the associ-
ated eigenvector can be figured out from the updated eigenvalue
system. The progress should be repeated until the relative error be-
tween the eigenvalues obtained from two consecutive iterations is
within 0.1% for the final result of the post-buckling behaviors.
In this section, the buckling and post-buckling loads are solved
for the piezoelectric nanoplates subjected to uniaxial and biaxial
in-plane mechanical loadings. A numerical study is conducted to
examine the effects of the nonlocal parameter, electric voltage
and temperature rise on the buckling and post-buckling behaviors
of the piezoelectric nanoplate. Following our previous work,
PZT-4 is chosen as the material of the piezoelectric nanoplate with
material properties listed in Table 1, and unless otherwise stated,
the piezoelectric nanoplate is assumed to be measured of length
la = 70 nm, width lb = 70 nm and thickness h = 5 nm.
The verification of accuracy study of the present analysis should
be firstly carried out before further detailed discussion. Table 2 lists
the results of the dimensionless buckling and post-buckling loads
of the piezoelectric nanoplate subjected to biaxial compression
forces with varying total number N of grid points. Without loss
of generality, we set same number of grid points along ζ - and
ξ -axis, namely N1 = N2 = N . Both the influences of external
electric voltage and temperature change are neglected here and
the nonlocal parameter is assumed to be µ = 0.04. For the
post-buckling analysis, the maximum deflection is considered as
wmax/h = 0.3. It is obvious that the accuracy of the present
results improves with an increasing number of grid points, and is
convergent atN = 11. Hence,N = 11 is used in all of the following
numerical calculations.
Ignoring the nonlocal effect, piezoelectric effect and the von
Karman nonlinearity, the present piezoelectric nanoplate can
directly reduce to a macroscopic Mindlin plate model. Table 3
presents the results of dimensionless buckling coefficient of
isotropic square plates with all edges simply supported (SSSS).
The present results are compared with the results obtained by
Wang et al. [45] analytically based on the Mindlin plate theory
and by Liew et al. [46] numerically through the three-dimensional
approximation. Here, the dimensionless plate buckling coefficient
is defined as λcr = Pcrb2/π2D, and the Poisson’s ratio is assumed
to be ν = 0.3. Clearly, with varying thickness to side ratios, the
results of buckling coefficients in different studies keep in good
accordance under both the uniaxial and biaxial compression forces.
Table 4 presents the comparison of the dimensionless post-
buckling coefficient of isotropic square plates between the results
of Wu et al. [47] and present study. The dimensionless post-
buckling coefficients here is defined as λx = Pxb2/π2D. Assume
that the plate is subjected to uniaxial compression forces along
x-direction, and that the side-to-thickness ratio is la/h = 40.
Alumina is taken as the material of the plate with elastic modulus
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Fig. 6. Effect of aspect ratio λ = la/lb on the dimensionless post-buckling response of the piezoelectric nanoplate.
E = 380 GPa and Poisson’s ratio ν = 0.3. It is seen that the results
are in good agreement with acceptable errors.
Figure 2 gives the effect of the nonlocal parameter µ on
the dimensionless critical bucking load P∗cr of the piezoelectric
nanoplates subjected to uniaxial and biaxial compression forces,
respectively. Here, neither the influences of external electric
voltage nor that of temperature rise is considered. Obviously, as
the nonlocal parameter µ increases, the critical buckling load P∗cr
drops significantly, which indicates that the existence of nonlocal
effect tends to decrease the stiffness of the piezoelectric nanoplate,
and hence decreases the critical buckling load. Also, it can be
concluded from the curves that, with greater limitation of the
clamped end, the critical buckling load P∗cr becomes larger than
that of simply supported end. However, with higher value of the
nonlocal parameter µ, the difference between the two boundary
conditions diminishes gradually.
The curves in Fig. 3 present the effect of the nonlocal parameter
µ on the dimensionless post-buckling response of the piezoelectric
nanoplates under biaxial compression forces without influences
of the external electric voltage (V0 = 0 V) and temperature rise
(1T = 0 K). Obviously, the post-buckling response of the piezo-
electric nanoplate is a typical bifurcation problem, in which the bi-
furcation point represents the critical buckling loads. With a larger
value of themaximumdeflectionwmax, the post-buckling load also
shows an upward trend. Note that the nonlocal parameter µ = 0
corresponds to the classical nonlinear piezoelectric nanoplates. It is
clearly observed that the post-buckling loads calculated by present
nonlocal piezoelectric nanoplates are smaller than those predicted
by the classical piezoelectric plate models, and that as the nonlo-
cal parameter µ increases, considerable drops can be found in the
post-buckling loads. This is due to the fact that the stiffness of the
piezoelectric nanoplate tends to reduce when the nonlocal effect
is considered, and hence the post-buckling loads are depressed.
Examined in Fig. 4 is the effect of external electric voltage V0 (V)
on the post-buckling response of the piezoelectric nanoplates. The
nonlocal parameter is taken as µ = 0.04, and the temperature
rise is taken as 1T = 0 K. Obviously, the electric voltage is
a sensitive influencing factor for the post-buckling behaviors of
the piezoelectric nanoplate. Although the electric voltage only
slightly grows from −0.04 V to 0.04 V, notable drop still can
be found in the curves of post-buckling loads versus deflection.
The positive/negative external electric voltage can generate biaxial
compressive/tensile forces in the body of piezoelectric nanoplate,
which in turn significantly decreases/increases the buckling load
and post-buckling strength of the piezoelectric nanoplates.
Figure 5 plots the effects of the temperature rise 1T (K) on
the post-buckling responses of the piezoelectric nanoplates with
µ = 0.04 and V0 = 0 V. For a given maximum deflection
wmax, the temperature rise will result in a slight decrease on the
buckling and post-buckling loads. However, unlike the electric
voltages, the temperature change only has very limited influences
on the buckling and post-buckling behaviors of the piezoelectric
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Fig. 7. Effect of side-to-thickness ratio η = la/h on the dimensionless post-buckling response of the piezoelectric nanoplate.
Table 1
Material properties of PZT-4.
c11 (GPa) c12 (GPa) c13 (GPa) c33 (GPa) c44 (GPa) c66 (GPa) e31 (C/m2) e15 (C/m2)
132 71 73 115 26 30.5 −4.1 10.5
e33 (C/m2) κ11 (C/V m) κ33 (C/V m) λ11 (N/m2 K) λ33 (N/m2 K) p1 (C/m2 K) p3 (C/m2 K)
14.1 5.841× 10−9 7.124× 10−9 4.738× 105 4.529× 105 0.25× 10−4 0.25× 10−4
Table 2
Dimensionless buckling loads P∗cr for piezoelectric nanoplates with varying node numbers N .
N SSSS CCSS CCCC
P∗cr P∗ P∗cr P∗ P∗cr P∗
5 0.9477× 10−2 1.0085× 10−2 1.4790× 10−2 1.5338× 10−2 2.2899× 10−2 2.1554× 10−2
7 0.9636× 10−2 1.0677× 10−2 1.4729× 10−2 1.5823× 10−2 2.2539× 10−2 2.3138× 10−2
9 0.9632× 10−2 1.0666× 10−2 1.4790× 10−2 1.5967× 10−2 2.2557× 10−2 2.3875× 10−2
11 0.9632× 10−2 1.0697× 10−2 1.4806× 10−2 1.6035× 10−2 2.2578× 10−2 2.4162× 10−2
13 0.9632× 10−2 1.0664× 10−2 1.4810× 10−2 1.6004× 10−2 2.2584× 10−2 2.4211× 10−2
15 0.9632× 10−2 1.0670× 10−2 1.4810× 10−2 1.6006× 10−2 2.2585× 10−2 2.4225× 10−2
Table 3
Comparison of the buckling coefficients λcr of square elastic SSSS plates under uniaxial and biaxial compressive forces.
h/la Uniaxial compression force Biaxial compression force
Wang et al. [45] Liew et al. [46] Present Wang et al. [45] Liew et al. [46] Present
0.05 3.9437 3.9314 3.9444 1.9719 1.9657 1.9721
0.10 3.7839 3.7412 3.7865 1.8920 1.8706 1.8932
0.15 3.5446 3.4676 3.5496 1.7723 1.7338 1.7748
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Table 4
Comparison of the post buckling coefficients λx of SSSS plates under uniaxial
compressive forces.
wmax/h Wu et al. [47] Present
0.0 3.6228 3.6025
0.1 3.6637 3.6645
0.2 3.7866 3.8501
0.3 4.0322 4.1588
0.4 4.3801 4.5888
0.5 4.8099 5.1362
nanoplate. Even the temperature rise varies from 0 to 300 K,
there are merely minor variations that can be found in the post-
buckling load versus deflection curves. Such phenomenon is the
result of that PZT-4 possesses a small thermalmodulus,which does
not transform the temperature into stress in the body effectively.
If we alter the piezoelectric material to another one with large
thermal modulus, it is predictably that the temperature rise can
also become a sensitive factor on the vibration behavior.
The effects of the aspect ratio λ = la/lb and side-to-thickness
ratio η = la/h on their post-buckling responses of the piezoelectric
nanoplates are shown in Figs. 6 and 7, respectively, with µ =
0.04 V0 = 0 V and 1T = 0 K. Obviously, the size variation
of piezoelectric nanoplates can be sensitive factors influencing
their post-buckling behaviors. With growing value of the aspect
ratio λ, significant improvements of the post-buckling loads can
be found in the post-buckling response curves of the piezoelectric
nanoplates. Such phenomenon indicates that larger aspect ratio λ
of the piezoelectric nanoplate strengthens its stiffness. However,
growth in the side-to-thickness ratio η = la/h will directly
reduce the stiffness of piezoelectric nanoplates, hence result in
remarkable reduction in the post-buckling loads of piezoelectric
nanoplates.
This paper investigates the buckling and post-buckling re-
sponses of the piezoelectric nanoplates subjected to combined
thermo-electro-mechanical loadings based on the Mindlin plate
theory, the nonlocal theory and the von Karman nonlinearity. From
the numerical results, we can conclude: (1) An increasing nonlocal
parameter will reduce the stiffness of the piezoelectric nanoplate,
which leads to both smaller critical buckling loads and smaller
post-buckling strength; (2) The positive/negative electric voltage
weakens/enhances the stiffness of the piezoelectric nanoplates
significantly, and decreases/increases the critical buckling loads
and post-buckling strength; (3) The temperature rise, unlike the
electric voltage, is quite insensitive factor that a relatively large
growing in temperature rise results in slight drops in the critical
buckling loads and post-buckling strength.
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